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ABSTRACT ing applications may require aggregate measurements over

In this paper, we study the problem of efficiently computing dlffer_ent sets of flow attnbu_tes. Fo_r m;tancg, a Demal-of
multiple aggregation queries over a data stream. In order toService (DoS) attack detection application will be intézes
share computation, prior proposals have suggested instant in the number of packets for every destination IP, destina-

ating certairintermediate aggregates which are then used to ~ tion port aggregated over 5 minute intervals so that it can
generate the final answers for input queries. In this work, identify the destinations that are receiving an unusualige
we make a number of important contributions aimed at im- number of packets. On the other hand, a traffic engineering
proving the execution and generation of query plans contain application will require the traffic demand matrix, thatttse

ing intermediate aggregates. These include: (1) a differen Number of packets between every source |P-destination IP
hashing model, which has low eviction rates, and also al- Pair over 5 minute intervals. _ _

lows us to accurately estimate the number of evictions, (2) = NOW, a production service provider network contains hun-
a comprehensive query execution cost model based on thes@reds of routers that can easily generate massive amounts of
estimates, (3) an efficient greedy heuristic for constnagti flow data. In fact, it has been reported that, even with a high
good low-cost query plans, (4) provably near-optimal and degree of sampling and aggregation [7], the AT&T IP back-
optimal algorithms for allocating the available memory to Pone network alone generates 500 GB of flow data per day
aggregates in the query plan when the input data distribu- (@bout ten billion fifty-byte records). Thus, for scalatyili

tion is Zipf-like and Uniform, respectively, and (5) a déai in the presence of multiple queries and high-speed streams,
performance study with real-life IP flow data sets, which theaggregate computations must be highly optimized bothin
show that our multiple aggregates computation techniquesterms of the CPU cycles consumed, and memory overheads

consistently outperform the best-known approach. that they entail. _ _
Previous work has used the ideaedource sharingamong
1. Introduction multiple queries to optimize cube computation [2, 10], an-

swer continuous queries over data streams [6, 13], process
s . - L sliding-window aggregates [3, 12], and optimize the com-
has applications in many domains: IP network monitoring, munication overhead for distributed queries [11]. In recen

stock trading, analysis of Web logs, fraud detection in-tele A
com networgs andyretail transact?ons, querying sensor nodework’ Zhang et al. [14] proposed an optimization that allows

readings, etc. Salient characteristics of these apicsti .Cr?]r:ifu%t'oonst; ti)r?vf)rl]\?égl?r? ST;nr;%%ﬁerS?ec\);l/eﬁrnaen_w;giurit;tjream.
include: (1) very high data arrival rates that make it imprac ternled?atga regates (called hantomgs]in [14]) and ?hen use
tical to perform multiple passes over the data, (2) hundredsth t 99 e% the final P The kev idea h
of aggregation queries, and (3) limited CPU and memory . ese 1o generate the final query answers. 1he Key idea nere
[eSOUICES. is that the mtermedlate aggregates will generally_be muc_h
As an example, consider an IP network monitoring system, s:naller than tf|1e :cnput stream 'tsﬁl.f’ and so compuftlllnt?dTnultl
which collects IP flow records exported by network routers phequery rhesu tsfrom f”‘“'”;]efme late %Iggre?a}e Wi o uc
and performs a variety of monitoring tasks like estimating CHeaPer than answering the queries directly from the input
traffic demands between IP endpoints, computing the top stream. For example, our DoS attaqk dgtectlon query above
hosts in terms of IP traffic, profiling application traffic,dan aggregates packets over atiribufdestination IP, destina-

: : : . tion port}, while the traffic engineering query needs packets
detecting network attacks and intrusions. These monitor o be aggregated on attributgsurce TP, destination IP}.

In this case, it might be beneficial to maintain an intermiedia
aggregate over attribut¢source IP, destination IP, desti-
nation port} and then compute the required query answers

Computing multiple aggregation queries over a data stream

Permission to make digital or hard copies of all or part of thizknfor from this intermediate aggregate. ) ]

personal or classroom use is granted without fee providaddbpies are An important problem here is selecting the right set of
not made or distributed for profit or commercial advantage aatidbpies intermediate aggregates to instantiate. A key challenge
bear this notice and the full citation on the first page. Toymiherwise, 10 s 15 gllocate the limited memory among the hash tables
republish, to post on servers or to redistribute to listguiees prior specific

permission and/or a fee. for these aggregates so that the total number of hash com-
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putations is minimized. Zhang et al. [14] propose greedy memory allocation algorithms provide significant benefits
heuristics for both problems. In this paper, we propose new over the best-known approach for this problem by Zhang et
strategies for generating and executing computationiefic  al. [14].

query plans containing intermediate aggregates. Our main . .
contributions include: (1) a different hashing model with _ DU€ to space constraints, proofs of theorems in the paper
low eviction rates, which allows us to accurately estimhget ~ &€ Presented in the appendix.

hash computation costs, (2) aco_mprehensive query exe_cutio 2. Query Evaluation Framework

cost model based on these estimates, (3) a computationally

efficient heuristic for generating good query plans, and (4) 2-1 System Model o o
provably near-optimal algorithms for allocating the avail ~ We consider a single data stream consisting of an infinite
able memory to aggregates. Below, we expand further on Sequence of tuples, each watoup-by attributesuy, . .., an,
these contributions, and also compare them with the work of (€-9., source/destination IP addresses, source/déstipatts),

Zhang et al. [14] which is closely related to ours. and a measure attributg (e.g., byte count). We are inter-
estedinanswering asetof aggregate queries{4,,...,4,}

1) Our hashing model uses chaining to support multiple en- defined over the stream of tuples. Eathspecifies the sub-
tries per bucket, and only evicts an entry when the hash tableset of group-by attributes on which aggregation is perfatme

is full. Thus, our hashing model results in much lower evic- a result tuple is output for each distindt value. Further,

tion rates (and as a consequence, fewer hash computationshe measure attribute values are aggregated using one of
compared to the hash model of [14] that pushes out entriesthe standard SQL aggregation operators (e.g., SUM, MIN).
every time there is a collision. Similar to [14], we assume that queries are processed in an

2) Our query execution cost model is based on accurate ana__epoch-by—epoch fashion. An epoch is essentially a fixed time

. X L A interval over which aggregation is performed; at the end of
lytical estimates for hash table eviction rates for Zigdeland : ; :
L>J/nif0rm distributions of the input data. In contrasﬂfbambly eaph epoch (at rggular time penods), result tuples for each
cally modeling hash eviction rates is much more complicated ggé?;@ﬁ%rgglzgg?g dogqggjst%bgtﬁgﬁgtsa\(ﬁleugf’eagfﬁ as-
for the eviction policies of [14], and so to simplify theiraln U
ysis, Zhang et al. assume that the input data distribution is denote the number of stream tuples that arrive in an epoch

. by nR.
Uniform. The following example query returns the total traffic in

Further, the query processing cost model in [14] only con- bytes between every pair of IP addresses aggregated over 15
siders the hash computation costs incurred when tuples areninute intervals.
streaming in, while hash operations performed at the end of ) ) ]
each aggregation period (when hash tables are flushed) are fsrglﬁ]ct;ga% dstIP, SUM(bytes)
not included in the total query cost that is optimized. The

. . o . group by srcIP, dstIP

latter cost is especially significant for larger memory sjze every 15 minutes
and so the quality of query plans generated by [14] suffers
as memory size is increased. Our query plans, on the other Note that the queries id differ only in their grouping
hand, work well for the entire range of memory sizes since attributes. We denote the number of distinct values observe
our cost model includes both hashing costs. for A; over one epoch by, 3. Our query processing en-
gine has a limited amount of memory which is large enough
memory to hold the) . g4, result tuples for the aggregate
queries inA. We will denote the excess memory available

3) We show that the problem of finding a minimum-cost
query planis NP-hard, and propose an efficient greedy heuris
tic for constructing good' Iow—cost'q'uer.y plans. The heigist to our engine (for storing auxiliary structures differerarf
makes small locally-optimal modifications to the query plan result tuples) bylf

that deliver the maximum cost reduction in each local step. ’

Our heuristic is more efficient than the approach of [14] that > > Najve Query Evaluation Strategy

enumerates all possible aggregates and thus has a time com- p gyraightforward way to support multiple queries is to
plexity that is exponential in the number of attributes. simply process each aggregation query independently for

4) For agiven query plan, we present a fully polynomial-time €ach incoming stream tuple. For each quérywe maintain
approximation scheme (FPTASfpr obtaining near-optimal & separate hash table on its group—by.attrlbutes. Progessin
memory allocation assuming that the input distribution is the query for atuple theninvolves hashing on the attributes
Zipf-like. For the special case in which the input distriont 4 to locate the hash bucket for the tuple, and then updating

is Uniform, we present a much simpler memory allocation the aggregate statistic for the group-by attribute values.
algorithm that is provably optimal. the second step, when a tuple with a specific combination

of grouping attribute values is encountered for the firsetim

5) Finally, we present extensive experimental results with

real-life IP flow data sets which show that our query plans and “If queries have different time periods, then one option is to set
the epoch duration equal to the gcd of the time periods; alternately,

techniques such as time slicing [12] can also be used to calculate

A Fully Polynomial-Time Approximation Scheme (FPTAS) is an epoch durations.

approximation algorithm which (1) for a given> 0, returns a 3The ga,’s can be estimated by maintaining random samples of

solution whose cost is withi(il & ¢) of the optimal cost, and (2) past stream tuples and applying standard sampling-based tech-

has a running time that is polynomial in the input size ayied niques such as the one by Charikar et al. [5].




then a new entry for that group is created and initializetiént  tioned earlier in Section 2.1, our query engine has a bounded
bucket. If an entry for the group already exists in the bucket amountM of memory for storing the intermediate hash ta-
then only the aggregate statistic for the group is updated.bles. In such a memory-constrained scenario, the interme-
(We describe space allocation and collision-handling for o diate hash table foB may not have the required memory
hash tables in more detail in Section 2.3.) for storing all thegg result tuples, and partially aggregated
At the end of each epoch, the result tuples for all the result tuples may need to be pushed out fiBis hash table
aggregates are output by scanning the non-empty buckets irduring the epoch. It is thus possible that more tharre-
the hash table for each aggregate query, and writing to ansult tuples are evicted from’s hash table over one epoch.
output file the group-by attribute values and the aggregate Below, we describe our (partially aggregated) tuple ewitti
value in every bucket entry. Once all the result tuples are policy when hash tables need to store more tuples than the
written, all the hash tables are re-initialized by settihgit space allocated to them.
buckets to be empty. We implement @&-bucket hash table with capacity to store
The aggregate computation cost is dominated by the CPUb result tuples as an array bpointers. Each bucket pointer
cycles required for hashing incoming stream tuples, finding points to zero, one, or more tuples that hash into the bucket.
and updating the appropriate bucket entry, etc. Thus, theWe use chaining to link the multiple tuples that hash into a
total computation cost is proportional to the number of hash bucket. Note here that the space consumed by -dnurcket
operations. So in the rest of the paper, we use hashing costhiash table is very close to the raw storage requirebltigqoles
as our cost metric. since the sizes of tuples are typically much larger than the

2.3 Intermediate Aggregates and Reduced Computation pointers themselves. Our hash table implementation has the

Processing each query independently as described abov¢.§fd\r’1amagle tuat afbuckethc?;lisioln does Eot_lead toan enilctio
can easily lead to redundant computation. This, in turn, can " ¢ Ie tad € aﬁ ewl;r t % }”pfei ort ‘;emcfmm? tug €
adversely impact the ability of our query engine to handle IS already 'rr‘]t he tar‘] e'bl ny(; there a tlup re]s "%f%fi‘ﬁy
high-speed data streams, and cause it to drop some of thhCa8E, © 16 123F B0 B0 A TR e R e
incoming tuples. To prevent such a scenario, itis Impesatly be evicted fron?the table ,There are several o?icies such as
that the (hash) computation overhead of our query evaluatio ' . P

; theleast-recently-used (LRU) policy or theleast-frequently-
schemes be as low as possible. <d i hich b q ; | hi

To reduce the total number of hash operations performedYsed (LFU) policy, Wb'c can be used to e_wctltup es. rl1nt IS
during query execution, Zhang etal. [14] introduce theoroti  PaPer, we use LRU because it is easy to implement, has very
of intermediate aggregates (which they refer to pisantoms low overhead, and works well in practice.

; ; ; : ; One potential concern with chaining is that chains may
14]). The key id t tantiat abte : : 4
:‘gr[di;f)erentesug)s/eltszé E X |(r)1fs tarl]rél?ngur:e(\:/l\;:ﬁ]g;eg Thz become very long, substantially increasing the CPU ovethea

; ; for every update. However, it has been shown that if at most
aggregateB for a query subsed’ contains all the attributes . '
that appear i\, that is, B = U ca A’. Now, it is easy b tuples are stored in &bucket hash table, then the length

to see that intermediate aggregatean be used to compute  ©f @ chain is at moslog(b) with high probability [9]. To
any aggregatel’ € A’. This is because all the group-by verify this, we conducted experiments to measure the worst-
attribute values ford’ are present in the result tuples fBr case and average chain lengths observetlValues ranging

Thus, since the intermediate aggregAtés typically much from 10, 000 to 100, 000 (which are the bucket sizes that we
smaller than the raw tuple stream, we can obtain a significant]‘?)(pe(;:t r:o Sﬁe In practice). hAveIraglnr? I_ovetr) 1000 ”(Jjns' we
reduction in the number of hash computations by computing 'ound that the worst-case chain length lies betw@ands,
the aggregated’ € A’ using the result tuples d5 as input while the average chain length (obtalned after ignoring the
instead of stream tuples empty buckets) is always arounds. This clearly indicates
More formally, letg; dénote the size of aggregae i.e. thatthe overhead associated with chaining is extremeljlsma
gp is the number of distinct groups observed for the group- espemally yvhen compared to t_he h_ash computation costs,
by attributesB in the tuple stream over an epoch. Then, Which dominate the overall running time. -
computing aggregate’ directly from the raw stream incurs Our hashing model results in much smaller eviction rates
nr hash computations, wherg; is the number of tuples in ~ comMPared to the hash model in [14]. The hash tables in [14]
the raw stream. On the other hand, further aggregating thed® notemploy chaining, and so every collision leads to &tupl
result tuples for an intermediafé to compute an aggregate P€ind evicted (even if the hash table is not full). In cortiras
A’ € A’ requiresgs hash operations. Thus, by ensuring in our case, because of chaining, collisions do not cause
thatgs < nz, we can realize substantial savings in hash €Victionswhenthe hashtable has fewer thaples. Further,
computation costs. There is, of course, the additionalabst  Unlike [14], we are able to derive clean analytical formulas
computing eacti from the inbut stream, which involves: for the eviction rates of our hash tables for both Zipf and
hash computations. However, if we select fhe carefully, Uniform data distributions. ([14] only considers Uniform

then this cost can be amortized across the multiple aggregat distribution.) As we show later in Sections 5 and 6, the
A’ that are computed from eadh eviction rate depends on the amount of memory allocated for

a particular hash table as well as on the statistical digioh

Hashing Model in the Presence of Limited Memory. In satisfied by the tuples.

the above discussion, we assumed that the hash table for in-

termediate aggregat® has sufficient space to store thg 2.4 Query Plans

(aggregated) result tuples f@ until the end of an epoch From the above discussion, it follows that to compute a

(when they are used to compute thés). However, as men-  good query execution plan (with low computational over-



head), we need to answer the following two questions: (1) in turn pushes out b, + f5 - (b} + fi - ng) of these tu-

What is the best set of intermediate aggregates B to instan-
tiate?, and (2)How should the available memory M be al-
located among the various intermediate aggregates?

Each of the above two questions is difficult in its own

ples. Thus, the total number of hash operations is equal to
ng+2- (b + fi-nr) +2- (b + fo- by + fa- f1-nR)

It is easy to see that the best solution will vary depending

right. But when considered together, the situation becomes©n the relationship between the values:gf, g5, , g95,, and
even more tricky. This is because the two questions are . In particular, ifng > gp, and M is reasonably large
actually interlinked and involve trade-offs. For instance SO thatf; is low, thenb, + fi - ng ~ gp, and Strategy 2

if we choose to instantiate more intermediate aggregates Will result in many fewer hash computations compared to
then each intermediate will get less memory, which will Strategy 1. On the other hand,if; ~ gp, or M is small
result in higher eviction rates and neutralize the benefit of causingf, to be high, them, + f, -ng ~ nr and Strategy 1

having intermediates in the first place. In general, theahoi

will likely be computationally more efficient than Strategyy

of intermediates to materialize will depend on the size of Finally, it nz > g5, > g, andM is reasonably large so
aggregates, data distribution of aggregate tuples, and thehatfi andf; are both low, them; + f5 - (---) ~ g, and
amount of available memory. We illustrate the various trade Strategy 3 turns out to be the best solution.

offs using an example.

Example 1 Consider a stream with attributes «a, b, ¢ and
d. Let A consist of the following three aggregates: A; =
{a,b}, Ay = {b,c}, and A3 = {¢, d}. Figure 1 showsthree
strategies for computing these aggregates.

stream stream stream
abcd abed
[ab] bcd

@ (b) (c)
Figure 1: Possible aggregate processing strategies.

Strategy 1. The naive strategy is to compute each aggregate
A; isdirectly fromthe stream (see Figure 1(a)). In this case,
the number of hash operationsissimply 3 - ng.

Strategy 2. As shown in Figure 1(b), this strategy instanti-
ates a new aggregate By = {a, b, ¢, d} that contains all the
aggregates A;. In this case, the entire memory M is allo-
cated to By, and so B;’'s hash table has b; = M buckets.
(For simplicity, in this example, we assume that the size of
each hash table entry is 1 unit.) If f; is the eviction rate
of By, then the total number of tuples pushed out from B;'s
hashtableisb; + f1 -ng. Of these, f1 -ng tuplesareevicted
during the epoch and b, additional tuples are pushed out at
the end of the epoch. Note that b; + f1 - ng > gB,, and
further if b1 = gp,, then f1 = 0. Thus, with Strategy 2, ng
stream tuples are inserted into the hash table for By, and
b1 + f1 - ng of By'stuples areinserted into the hash tables
for Ay, Ao, and As. Thus, the total number of hash opera-
tionsisgivenbyng + 3 - (b1 + f1 - ng).

Strategy 3. This strategy takes the idea in Strategy 2 a bit
further and instantiates one more aggregate B, = {b, ¢, d}
inadditionto B, (seeFigure1(c)). Thus, the available mem-
ory M isnow split between the two intermediates. Let B;'s
and B,'s hash tables contain ] and b/, buckets, respectively.
Further, let f; and f; betheeviction ratesof B; and B, re-
spectively. (Note that b < by, which impliesthat f; > f1.)
Now, the number of tuples pushed out from B;'s hash ta-
bleinto A; and Bs's hash tablesis b} + f| - ng, and B

Observe that each of the query plans considered above is
essentially a directed tree with the root node correspandin
to the stream, and other nodes corresponding to interngediat
and input aggregates. Further, a directed edge in the tree
indicates that the destination aggregate is computed fnem t
source aggregate. We next formalize this using the notion of
aggregate trees.

Aggregate Trees.An aggregate tre€ is a directed tree with
(1) a speciakoot node corresponding to the input stream,
and (2) other nodes corresponding to aggregates. W&/use
to denote a node in the tree, aifigfor the subtree rooted at
N;. Without loss of generality, we assume ti\&t s the root
node ofT’. A directed edgéN;, N;) from nodeN; to node

N> implies that the aggregate fd¥, is used to generate the
aggregate forfV,. We useb; to denote the space (in terms
of hash buckets) allocated fé; ands; to denote the size (in
bytes) of a single hash table entry at nddg which includes
the tuple, the measure attribute value, and the pointereto th
next entry. It follows that the total memory required at node
N; for b; buckets i9;s;. Letg; denote the number of distinct
groups in the aggregate &. Then,g; can be viewed as the
maximum storage requirement &%, while b; < g; is the
actual assignment.

Note that each node that corresponds to an aggregate query
from A is given its complete memory requirement. Other-
wise, it can lead to incorrect output or loss of data, neither
of which is desirable. It is easy to incorporate these reguir
ments since they can be given full allocations separatehgn
beginning; the goal then would be to distribute the remanin
available memory/ among the other nodes (corresponding
to intermediate aggregates) of the tree. Thus, we will requi
theb;’s to satisfy the relatiof} ", b;s; < M, with the implicit
understanding that we only consider the intermediate nodes
N; for allocation of memory\/ and ignore the query nodes.

Intuitively, an aggregate tree corresponds to a query plan
capable of generating answers for every aggregate codtaine
inthe tree. The plan for a tree specifies the actions perfdrme
during the epoch as well as at the end of the epoch to generate
aggregates.

e During the epoch. As new stream tuples arrive at the
root node, they are inserted into the hash tables of each
of the root’s children. It is possible that an insertion may
result in another (partially aggregated) tuple gettinged
inaccordance withthe LRU policy. Every tuple that is evicte
from a nodel; is inserted into the hash tables of the child



nodes ofN,;. We denote the eviction rate for nodg by f;. Algorithm 1 Greedy heuristic for finding aggregate tree.

Greedyf)
* End of the epoch.Atthe end of every epoch, all the tuples 1: Tyes: is initialized to the aggregate tree in which dl} € A are chil-

are flushed out from each node. This flushing of tuples is ™ gren of the root node.
done in a top-down fashion, starting with the children of the 2: while T, cost improves by at leastdo
root node down to the leaves. Thus, for a nddeonce the 3. Tewr < Thest;

tuples from its parent have been flushed out, all the tuples 4:  for all pairs of sibling aggregates, 5 in Teur do
Let aggregat€ = AU B;

in N;'s hash table are evicted and aggregated into the hashg: Let P be the parent ofl, B in Tour:
tables of each of its children. 7 Let X denote the set aP’s children that are subsets 6f;
. 8: Let T be the tree derived frorfi.., by (1) addingC as P’s

3. Problem Formulation child, and (2) making all the nodes i as the children of;

In this section, we present our query execution cost model 1%3 Nliﬂ - A'i?;aﬁ';ﬂgm&ry(f ftV[)T i allocationt

< ; H . el cos s e the cost oIl with allocationlvi;

and then formally define the problem that we address in this 7 it cost(T, M) < cost(Thous, Myost) then
paper. ) . ) . 12: Thest — T, Mpest «— M,

We first estimate the hash computation costs incurred by 13: end if

aggregate treé. Letp; denote the index of the parent node 14:  end for ,
of N; (N,, is N;’s parent). Letout; denote the size of the ~ 12:  for all aggregatesi ¢ A in 7c. do

f 16: Let P be the parent oft in T¢y,.;
Stream coming out of nodsa/;. ,O,bserve that for the root 17: Let T be the tree derived from..,, by deletingA, and making
nodeouty = ng. For the remaining (non-root) nodeés;, A’s children the children of:
out; can be written in terms afut,, andb; as follows. 18: M «— AllocateMemory(T', M);
19: Let cost(T, M) be the cost of” with allocationM;
out; = b; + f; - outp, 1) 20: if cost(T, M) < cost(Tpests Mpest) then

. . . : M M;

where f; denotes the fraction of incoming tuples that are 3% endefe“ T Myest

evicted out of N; during an epoch. The first term on the 23:  endfor
RHS of Equation (1) is simply the number of distinct tuples 24: end while
stored in the hash table A% ; these are the tuples that willbe ~ 25: return Tyesy;
evicted at the end of the epoch. The second term corresponds

to the tuples evicted out of the node during the epoch due

to the limited memory allocated at the node, sihge< g;. are no constraints on the total available memory. The reduc-
This term is determined by two factors: the input at the node, tion is from thesubset-product problem, which is known to
which is out,,, and f;, which depends on the values lgf be NP-hard [8]. We omit this proof due to lack of space.

g;,» and the input distribution. (We show how to compute Given this result, the NP-hardness of our problem easily fol
f; for Zipf and Uniform distributions in Sections 5 and 6, lows given that we can assign a sufficiently-large value to
respectively.) Thus, the value ofit;, which is the number M (= ng|A|2/4!) such that any aggregate tree is feasible,
of tuples evicted fromV,, is given by the sum of the number  thus reducing it to the case where there are no memory con-
of tuples evicted during the epoch and at the end of the epoch straints.

Note that the value afut; cannot be less thap since that Note that, unlike [14] which looks to optimize only during-
is the number of distinct groups observedgt Further, epoch costs, our cost model includes both during-epoch and
note that forb, = g;, there is enough memory for all the end-of-epoch costs. During-epoch costs are more prominent
tuples and hence, no tuple will be evicted during the epoch when the available memory is small, but as the memory size
(f; = 0). Then, Equation (1) implies thatt; = g;. Thus, increases, end-of-epoch costs start becoming more dotninan
the minimum value obut; occurs ab; = g;. In other words, Thus, since our approach optimizes both costs simultane-
if there is sufficient memory available, then every ndde ously, our aggregate tree computation algorithms work well
will be given its maximum requirements;. for a broad range of memory sizes.

Let h; denote the sum of the hashing costs at the child .
nodes ofN;, i.e., h; is the sum of the costs of inserting a 4. Agdgregate Tree Construction

tuple evicted fromV; into the hash tables a¥;’s children. In this section, we present an efficient greedy heuristic for

Then, the total cost of trég is given by the following. computing a good aggregate tree. Algorithm 1 contains the
pseudo-code for this greedy heuristic. The heuristic appli

C(T) = outh; 2) a series of local modifications to the tree: at each steps; it se

i lects the modification that leads to the biggest cost redncti
Thus, the cost of aggregate trEeeflects the total compu- | particular, it considers the following two types of local
tation cost of producing all the aggregates in the tree. Blenc ree modifications in each iteration: (1) Addition of a new
our problem of finding a good query plan reduces to the aggregate” obtained as a result of merging sibling aggre-
following. gatesA, B (Steps 4-14), and (2) Deletion of an aggregéte
Problem Statement. Given a set of aggregatés compute  (Steps 15-23). For each modification, we compute the best
the minimum-cost aggregate tréethat contains all the ag-  PoSsible memory allocation and estimate the minimum cost
gregates ind, subject to the constraint that the sum of the possible using that tree. In each iteration, the local modifi

memory allocations given to each (intermediate) node in the Cation that results in the biggest cost decrease is apmiied t
tree is at mosh/. the tree. The heuristic terminates when the cost improve-

It turns out that this problem is NP-hard even when there ment due to the best local modification falls below a (small)
constant threshole



Now, let us look at the rationale behind the two local i .
modifications. Let4, B be a pair of aggregates whose union ~ USing Lemma 5.1 and the fact that the minimum value of

C is much smaller in size than their current paréhtand ~ ©ul; Occurs ab; = g;, it is easy to show that for a givep
let & be the number of children P that are subsets @f. andouty, , out; is a decreasing function f over the range
Then, our first modification leads td — 1) - outp — k - [0, g;]. Itfollows that the cost of" is a decreasing function of

outc ~ (k — 1) - outp fewer hash operations by adding the the available memory. This is because, the extra memory can
new aggregat€’ to the tree. This is becaus&s memory D€ given to any nodé&; in the tree, and as discussed above,
requirements are small because of its smaller size, and alsghis ill resultin a smalleput;. Intuitively, this implies that
outc < outp. Thus, generating' from P requiresout p the input to the children ofN; reduces resulting in a lower
hash computations, and then generatigs and the other ~ oSt forT;. This argument shows that there is at least one
children fromC incurs an additionat-out hash operations, ~ POSSible memory allocation that reduces the cost, and hence
while generating all the children directly fromt requires  the best allocation will also result in a lower cost.

k - out p operations. The second modification considers the Our objective is to allocate memory to the nodes of an
opposite situation when the size of an aggreghtecloseto  adgregate tre€ such that the cost(7") is minimized subject

the size of its paren® in the tree — in this case, the extra cost 0 2 e bisi < M. For the sake of brevity, we refer to
of generatingA from P does not offset the cost reduction C as the cost of the memory allocation in the rest of this

whenA’s children are generated frominstead ofP. Thus, ~ Seéction. Recall thatut;h; corresponds to the cost incurred
it is more beneficial in this case to deletdrom the tree and ~ due to hashing at the children &f; and does not include
computeA’s children directly frompP. the cost incurred alV;. Henceforth, we refer tout;h; as

Note that, in the worst case, we may need to consider athe cost contributed by nod¥; since the allocation av;
quadratic (in the number of input aggregates) number of loca detérmines the value ofut;. L _
modifications in every iteration. To compute the optimadall We also define two specific instantiations ©f which
cation of the available memory to the nodes of each modified €orrespond to lower and upper bounds on the valu@.of
tree, our heuristic invokes the procedétocateMemory.

The next two sections describe in more detail our memory Coin = Zgihi: Coraw = ZnRhi (3)
allocation algorithms for Zipf-like and Uniform distribonhs p .
of the tuple values, respectively. i . . .

) s T The first relation follows from our earlier observation that
5. Space Allocation for Zipf-like Distributions out; > g;. The second relation follows from the fagit; <

Several empirical studies have shown the distribution of n g, sincenp, is the total number of tuples.

IP addresses and port numbers in Internet traffic to be Zipf- i . andC¢, . are defined analogously and correspond
like [4]. Under a Zipf-like distribution with parameter, the to the minimum and maximum costs that can be contributed
k" ranked tuple is expected to appgcér times the occur- by the subtree rooted &¢;.

rence of the most commonly appearing tuple. @ralue , ,

of 0 reduces this distribution to the Uniform distribution in Crin = 9ihjs Chaw= Y nrh;

which every tuple is equally likely.) We studied the NetFlow N;€eT; N,ET;

record traces for two backbone router nodes from the Abi-

lene observatory [1], and found that many of the group-by 5.2 Algorithm Overview

attributes do indeed follow Zipf-like distributions. Inse In this section, we show how to distribute the available
cases when the number of attributes is large, we observedmemory among the various nodes such that the total cost is
that the distribution is very close to Uniform (i.e., a Zipf minimized. In order to do this, we present a dynamic pro-
parameter of 0). As a result, in practice, one can encountergramming algorithm that solves the inverse problagiven

a set of queries all of which follow the Uniform distribution  an input size n, what is the minimum amount of memory
Hence, we also present allocation algorithms for such a caseneeded to achieve a target cost of C.

in Section 6. The basicideais to compute the optimal memory allocation
L in each subtree for every possible pairrofind C' values,
5.1 Eviction Rates wheren is the size of the input at the subtree afids the

We now show how to determing, i.e., the probability of & ¢ost contributed by that subtree. Given this informatian fo

tuple getting evicted out of nodg;. In the following lemma, _every possible” at the root node, sinceis known & nz),

we assume that perfect LFU is used to choose_the tup_lethat iSwe can perform a simple binary search in order to identify
evicted. There are two reasons for doing so: itis considgrab - the minimum cost corresponding to a total memory allocation
easier to analyze perfect LFU for Zipf a_nd more |mportantly, of M. (Note that binary search is applicable here because
the results in [4] as well as our experiments show that, in the cost is a decreasing function of the available memory.
practice, the_ performance of LRU qlosely matches that of |, particular, at every step, we can keep halving the range
perfect LFU in terms of cache hits/misses. of C values under consideration by comparihgwith the

Lemma 5.1 Assuming perfect LFU, if the input distribu- memory needed at the midpoint of the range.)
tion at a node N is Zipf-like with parameter «;, then the Note that the input at a nodé; is at leasy,, , the minimum

fraction of tuples that are pushed out from N; during an ~ Value ofout,,,, and at moshy, the total nu_nk:ber do{)tuplesti)n
; ; biyl—a < o the raw stream. Similarly, the cost contributed by a subtree
epoch is approximately 1 — () for 0 < a; <1,and T; is at leastC?,,,, and at mostC7, ... Hence, the optimal

1- L‘jﬁggg ifo; =1. O memory allocation iff} (i.e., the subtree rooted at) needs




to be computed for eadm, ¢) pair, wheren € [g,,,nr] and Algorithm 2 FPTAS
ce[C .., Cl ..]. Thus, at each nod¥;, a tableM (N;) of AllocateMemory(T', M)

size atmostig - C,,q. IS Created, with each entry in the table  1: for each nodeV; in the post-order traversal @f do
containing a vector corresponding to the optimal allocatio 2 for all ni; € [gp;, nr] such thaw; is gy, 37 for some; do

at the node and its children. The entries in these tables can>: gm"ie';gggk € [C}ins Cinag) such thatCy, = Cy,;, B for
be computed in a bottom-up fashion as follows. 4: m e oo /
1) Let ¢; denote the portion of that is contributed byV; 5 Loc: all eig € [gihi, Cix] such thatei, = gihs3” for somet
dye to the _hashes Fhet are performed at the child nqdzefe of 6 Use binary search ové, g;] to compute the smalles
Sinceg; h; is the minimum value that; can take, we iterate such that(b; + f; - nij)hs < cip;
over all values in the rande;#;, c|. For each value, we can 7: bl — Mir\SumChiIdren (children(N;), €, 82Cyp — Beir);
calculate the correspondingby performing a binary search S; oot min(m, b; + b);
over the interval0, g;]. In particular, at each step, we can . M,y — m:
halve the interval to whic}bi can belong by comparing the 11: end for
cost of the mid-point withe;. 12:  endfor
) ) ) 13: end for

2) Sincec; equaISOut - h;, the input to the children o¥; for 14: Use binary search in the ro#/y; to determine the largest/y;
agivenc; is simply 7-. We now need to calculate the optimal smaller than\/, wherej = [bg 5 ;L%W :

Pq

allocation across the child subtrees/éf given that the sum 15 return Mojx;
of the costs contributed by them can be at mostc;. Since _ .
the input size to these child subtrees is knownout;), we MinSumChildren(C, y, cost)

can iterate over all combinations that result in a sum-oft; 1. Let N, be some node id;
20 S[1] «— Mgy, j <« 2;

and choose the comblnatlo_n' that results in the minimum total 3" for eachN, nC\ {Na} do

memory used. More specifically, suppose that s, ..., 4: for eachkin [1, [log(cost)]] do

Vi, are the children ofV;. Then, we construct a table with 5. S[j, k]« min (M + S[j — 1,k —k'));
k rows as follows. The'”" row of this table computes the 1<k'< '

minimum amount of memory necessary to ensure that the & ?rﬁf?; N

total cost of the subtrees rooted af;, V5, ..., V; is at most 8- end for

¢’ for everyc’ < c — c¢;. Note that the first row can be easily  9: return 5 [|C|, [log(cost)]];
filled using the values fromd/(V;), while theit" row can

be filled using the information from th@ — 1)* row and
M(V;). In particular, the latter can be filled by considering
all possible splits of the cost between the subtree rooted at
V; and the subtrees rooted¥t, ..., V;_;.

possible value of the cost @f.
Let M, denote the minimum amount of memory needed
for T; given that the size of the input 1§ is n;; and the cost

In essence, the above approach gives us a dynamic procontribution ofZ; is Cy;..* Thus,M; ;. corresponds to a table
gramming algorithm with a time complexity that is polyno- ¢ gjze Mog, mﬂ x [logg mq for somes > 1. Here,

mial in terms of the values oty andC,,. Thus, we have for the sake of simplicity of exposmon we assume that the
a pseudo-polynomial algorithm for computing the minimum allocation of every node iffi; is also stored i/, ;. Instead

memory allocation for a given cost. We now design an FP- of this, we can reduce the storage requirement by storing the
TAS by quantizing the rang€g,,, nz] and [C? ..., C: .. ]. ' gereq y g

; miny - max allocation at/V; and indexes of the tables at the children of
In other words, we get a polynomial time algorithm by com- N;. This will necessitate a minor change in the algorithm.

puting the optimal allocations at fewer valuesrofand ¢ At th d d b ; dinord
depending on the approximation critetia t the end, a top-down pass must be performed in order to
compute the memory allocation at all the nodes.

5.3 Detailed Description Table Computation: We split A/;;;, into two distinct allo-

We now describe the FPTAS (see Algorithm 2) in more catinns: the allocation at nod¥; and the allocations for

detail. We first describe how to reduce the number of ta- o the child subtrees aiV;. Once these two allocations can
ble entries to be computed and then discuss the actual tableOe computed, computingy; ;. is just a simple minimization
) 1)

construction. over the sum of these two quantities.

Quantization: As mentioned earlier, we need to quantize ., _
n and C so that the computation of the optimal memory Mgy = min (Pije + _Q”“e) )
allocation is performed only for a polynomial number of Here,P;;, corresponds to the allocation/sif and@;y, corre-
values ofn andC'. Though this results in a loss of optimality, sponds to the allocations in the subtrees rooted at therehild
we show later that this error can be bounded in terms of the of IV;. Before formally defining’;;, andQ;x., we make one
guantization parameter. observation. The number of possible ways in whigh can

Let C;; = C%,..57, and nij = gp, B9, wheregs (> 1) be split betweenV; and the subtrees of its children depends
depends on the approximation criteria for the FPTAS and : - — _
will be fixed later. To see why we consider these particular “Strictly speaking, this is incorrect because the cost of this allo-

’ cation may be greater that;,. However, we later show that the

values ofC;; find”ijg recall thatg,, is the S”_‘a”eSt possible  ctual cost can be off from, by a factor of3® for somez. We
value for the input size at nod€;, andC?, . isthe smallest  refer toC;; in the definition for the sake of simplicity.




on the value oiC;;; hence, we again need to quantize the if P;;, andQ;x, are calculated in an optimal fashion, then

cost contributed by nod®’; in powers ofg. the cost for the allocation given by/;;;, is at most32Cy.
Letc;, beg;h; 3¢, and letP;;, denote the best allocation at  Later, in Section 5.4, we give a more exact bound on this cost

N; giventhat the inputtdV; isn;; and the cost contributed by by taking into account the fact that the calculation @y,

N; is at moste;,. Thus, using Equation (1) and Lemma 5.1, depends on values af,,,, , which are also approximations.

P;j is given by the following. Finally, once all theM/; ;;’s are calculated, the minimum-
pl-ou cost allocation can be determined by identifying the emiry i
Pijy = min {b -8 | <b + (1 — )) h; < CM} the row1Mo; such that the total memory allocation is at most
g9; M. (Here,j corresponds to the input size af.) Since

the cost is a decreasing function of the memory, it follows

Note that the expression that is being compared tin the
above minimization is simply the cost due to the hashes atththat the memory needed also decreases as the target cost

. 27 /
chiren of .. 7 can be easily computed using a binary {1, TETE MRS B Tk T S v
search o over the rang@0), ¢;] since the cost is a decreasing ' P g

function ofb. memory allocation of at most/ can be computed using a

~We now describe how to compuég;, using the alloca- binary search over the row/;.
tions at the child subtrees af;. We defineQ;., as follows 5.4 Analysis

in terms ofM,,, , wherelN,, is a child of V;. i ) )
The following theorems analyze the running time of Al-

) ) ) gorithm 2 and prove the necessary approximation bounds to
Qike =min § > - Moy, |i=peand y  Coy, < G2Cit — feur show that it is an FPTAS.

Theorem 1 Theasymptotic time complexity of Algorithm 2

Intuitively, we select individual allocations for nodeg, isO(log}(ng)|T|A). O

such that the following two conditions hold.

Theorem 2 Algorithm2 givesa 522+ approximation, where

e 1.0 is the input size tav, whenx; is allocatedP; ;,. This ! -
‘ b ch L isthe number of levelsin the tree. O

follows from the fact thati,, = g, 3¢ = ¢;8° = G,

o The sum of the costs of the subtrees rooted at all the children It easily follows from Theorems 1 and 2 that Algorithm 2

of NV; is within some function of the target ca&f;, — ci¢). is an FPTAS for minimizing the cost of the tree subject to a
The particular choice of the function is dictated primalily constraint on the total available memory. In particular, we
our proof. obtain a(1+¢)-approximation by choosingto bel + 575+

Then, by Theorem 2, the approximation factor of Algorithm 2

is (1 + 575)%"*"", which is approximately(1 + ¢). By

Theorem 1, the running time of Algorithm 2 is given by

Note that the third subscript, in M, determines the
cost contribution made by child no@é, and can vary across
the different children. Hence, there is a need to further

subscript it with the node index as shown. As we shall 1Og5(nR) IN\?
see later, the additiona factors in the definition of);, 0 (15(5)'T|A> =0 (6) log® (ng)|T|A
0g

are needed to ensure that the allocatidyy, is at most the

optimal allocation for a cost af’;; and an input sizé Q5. (This follows from the relatioog(1 + x) =~ « for smallx.)
Th's s'|mpl|f|es the correctness proof cons_lderably, howeve Thus, Algorithm 2 has a running time that is polynomial in
it implies that the actual cost of the allocatiafy;;, could be the size of the problem as well asin Hence it is an FPTAS

. for the problem. ’
cost of M, in terms ofC;;, and3. P

higher thanC;;. Later, we also give an upper bound on the

It turns out that,,, can be determined using a dynamic 6. Space Allocation for Uniform Distribution
programming approach that is similar to the one used for In this section, we focus on the scenario in which the
solving the traditional Knapsack problem [8]n particular, input distribution at every node is Uniform. We prove a
we create a tablé§ of size D; x [logs(B3°Ci — Beir))], certain property about optimal memory allocations, and the
whereD; is the number of children aV,. As discussed in  show how to exploit this property to obtain a more efficient
Section 5.2, each ter$i(d, c¢) in the table corresponds to the algorithm. Before proceeding, we first compute the eviction
minimum memory allocation needed to ensure that the first rate under a Uniform distribution.
d children of N; contribute a cost of at most S(d, c) can
be easily defined interms 6f(d — 1, ¢’) (¢’ < ¢) andM_y,,
whereN,, is thed'" child of V;. In particular, we can iterate

Lemma 6.1 Iftheinput distribution at NV; is Uniform, then
the fraction of queries pushed out from N; during an epoch

. bi
over all thelog;(Cy,,,.) values in the rowd/,,,; for each of IS1— gt =
these costs, we can use the ré\id — 1) to determine the ] o )
minimum total memory necessary for the filst 1 children. Unlike Lemma5.1, Lemma6.1isindependent of the policy

Now, from the definition ofP;;, andQ;s, it follows that ~ (LRU or LFU) that is used to choose the tuple to be pushed
down. Lemma 6.1 implies the following, wheng denotes

°In the Knapsack problem, given a finite set U, a site) anda  the size of the input at nodd’;, andm; is the memory
valuewv(u) for eachu € U, and a positive integeB, the goal is allocated at\V:
i

choosel/’ C U such that ., s(u) < B, and the total value of ¢ = m; 1 m; 5
the chosen elements, i.85 ., v(u) is maximized. outi = +ni(l— gisi) ®)




(This follows from the fact thal; = “.) 1) Supernode with Linear Combination (SLC):

We now prove that one optimal memory allocation is the Supernode with Linear Combination yielded the best results
all-or-nothing policy, under which every node (except one) in [14]; hence, we use it as a benchmark for our experi-
gets an allocation equal to its maximum requirement or noth- ments. As mentioned in Section 2, SLC uses a hash table
ing. in which each bucket has size 1, i.e., every collision result

. _ . . in an eviction. Under this model, they show that allocating
Theorem 3 Given an aggregate tree 7" in which the input in proportion to,/g;s; is optimal if the height of the aggre-
distribution for every aggregate is Uniform, there exists an

- JII : gate tree is two. For taller trees, they combine each subtree
optimal memory allocation in which m; = 0 or m; = gis; rooted at level 2 into a singlsupernode X, and defineyx
holds for all nodes except (at most) one node. O to be the sum of;’s of all the nodes in the subtree. Once
each supernode is allocated memory, the memory allocation
algorithm is then recursively applied to the nodes withim th
supernode.

In [14], the end-of-epoch cost is not accounted for in the

Given Theorem 3, we can modify Algorithm 1 as follows.
Note that nodes that get an allocation(oére, in fact, not
aggregating anything and can be safely removed from the

aggregate tree. Thus, we need to consider an aggregate as
candidate for addition during the stepsi4 of Algorithm 1

only if after including that node, we can give full allocatio

to all nodes except one. Thus, while computing the cost, we
can iterate over all the possibilities in which only one node
is allocated less than its maximum requirement.

7. Performance Study

In this section, we discuss our experimental results in
which we compare our approach with the best-known ap-
proach. Before presenting our results, we describe our ex-
perimental setup.

7.1 Experimental Setup
We implemented a simulated NetFlow Collector (NFC),

&bst optimization function; instead [14] uses a separadé pe
load constraint to bound the end-of-epoch cost. In our ex-
periments, we tuned the peak load constraint each time by
empirically finding the best value that yielded the smallest
total cost and used this value when running this scheme.

2) Fully Polynomial-Time Approx. Scheme (FPTAS):

We implemented the hashing model (with LRU) as described
in Section 2.3 and Algorithm 2 as the memory allocation
strategy. We used= 0.05 in our experiments; this yielded
excellent results and took only a few minutes to run.

Performance Metric.
As mentioned earlier, aggregate query processing costs
mainly comprise the CPU cycles for hashing, traversing

which performs real-time aggregation on streaming NetFlow chains and updating record entries, etc. These are propor-
7.04 with an Intel Xeon 3.0GHz processor and 2GB of RAM.  total number of hash operations as the performance metric,

Real-life Data Sets.All our experiments were performed on When comparing the performance of FPTAS and SLC.
NetFlow record traces obtained from the Abilene network, Ve remark that both the approaches took only a few min-
which is an Internet2 high-performance backbone network. utes to produce query plgns. We believe that this is suﬂhmen
We downloaded the NetFlow record traces for the Indianapo- 91Ven that plans will typically need to be generated infre-
lis (IPLSng) and New York (NYCMng) backbone routers quently; for instance, when there IS a change in the query
from the Abilene observatory [1]. For IPLSng, the traces workload or a considerable change in the stream data distri-
correspond to four consecutive five-minute intervals oadat bution.

from 23:20 to 23:40 on October 16, 2006, with each interval 7 5 Results

containing approximately 400,000 records. The NYCMng Comparison of FPTAS with SLC. Figure 2(a) compares

trace consists of four consecutive five-minute intervals of . :

i ) ! the performance of FPTAS and SLC; in this experiment, we
data f_rqm 11:20 to 11:40 on May 8, 2006, each interval used all the 78 possible pairs of group-by attributes in this
containing approximately 350,000 NetFlow records. experiment over the 20 minutes of data from the IPLSng.
Aggregate Queries.In our experiment, we varied the num-  The plot shows the number of hash operations required by
ber of queries from 20 to 78. It turns out if one query is a the two approaches as the amount of memory available for
subset of another, then the Zhang et al. approach needs tantermediate aggregates is varied. (In our experiments, we
be significantly modified while performing the memory al- measure the amount of available memory in terms of number
locations. (On the other hand, Algorithm 2 can easily handle of hash buckets.) As the available memory increases beyond
such cases.) Hence, to avoid such scenarios, we consideredM, our algorithm continues to generate the same query
all possible queries from the set formed by pairs of group-by plan. This is because the hash tables of all the intermediate
attributes. Since the number of distinct attributes in aNet aggregate are allocated their full requirement, ibe= g,

Flow record is 13, the maximum number of unique queries and the addition of any new intermediate aggregate in the
that we consider i@’) =T78. aggregate tree results in a higher cost.

Memory Allocation Strategies. We compared the follow-  Breakdown of costs. The primary focus of the SLC ap-
ing two memory allocation strategies with our greedy tree proach was on optimizing the intra-epoch processing cost,
construction algorithm (Algorithm 1). We used Algorithm 1 and it ignores the cost incurred at the end of an epoch. Thus,
for the approach of [14] as well, because their tree construc in cases in which the end-of-epoch cost dominates the over-
tion algorithm does not scale to the number of queries for all cost, their solution does not give good performance: Fig
which we ran our experiments. ures 2(b) and 2(c) show the breakdown of the processing costs
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Figure 2: Inset (a) compares the number of hash operations with our apmach versus SLC. Insets (b) and (c) show the breakdown of paessing
costs for SLC, and our approach, respectively.

using SLC and FPTAS, respectively. For SLC, it is easy to lower eviction rates than the hash model considered in prior
see that although the cost during epoch decreases inverselyork, and which allows us to provide accurate analytical es-
with the memory allocation, the end-of-epoch cost fluctslate  timates for the number of hash operations. Based on these
Because of this, the overall cost of the query plans gergtrate estimates, we presented a comprehensive query execution
with SLC may actuallyincrease as the amount of available  cost model and an efficient greedy heuristic for constrgctin
memory increases. In fact, we do observe this around 3.2M good low-cost query plans as well as provably near-optimal
of available memory (see Figure 2(b)). On the other hand, in and optimal algorithms for allocating the available memory
our approach, since we account for end-of-epoch cost as well to aggregates in the query plan when the input data distribu-
the overall cost always reduces with increasing memory. tion is Zipf-like and Uniform, respectively. Finally, we v&a
Additional benchmarking. In the previous experiment, we @IS0 presented a detailed performance study with realRife
used a single query set for simplicity of exposition. We flow data sets, which show that our multiple aggregates com-
now present the results of repeating these tests severs tim Putation techniques consistently outperform the bestmo
using various randomly-generated query sets and memory@PProach of Zhang et al. [14].
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10. Appendix Lemma 10.2 The memory allocation by Algorithm 2 for a

PROOF (Lemma5.1) When a tuple is being pushed down, €0StOf 5C;x withaninput sizeof Gn;; isat most the memory
it implies that the newly arrived tuple is not one of the ~ &!0cation for acost of Cj. with an input size of n;;.
tuples for which aggregation is being currently done at that
node. Since we assume perfect LFU, this implies that tuple
is not among thé; most popular tuples. The probability of

PROOFE The required result follows by showing that the
memory allocation irfl; for input sizen,; and costCjy, is
also a valid allocation for input sizen;; and cosf3C;,. This

this event is given by the following. follows from Lemma 10.1 which states that the cost of that
b; s bi —a, —ay allocation for an input size gfn;; is at mostGC;,. Since
i1/ i 1-—a; ot : ij. ik
1— Zgjl /],a_ ~1-— fli < A R bll_ail this is only one possible allocation, there may exist better
j=1 1/ f1 r=%dy g; -1 allocations for3C;;, andgn;;. O

o . . Lemma 10.3 Let M, denote the optimal memory alloca-
Fora; < 1, this is approximately equal to— (¢£)'~* @S tjon in 7} for input size n;; and cost Cj. Then, M, <
required. Using standard techniques for computing linfits, Mp, .
is easy to show that as; tends to 1, the expression above ’
tends tol — gl 4 PROOF. We prove this by induction. Suppos€’, corre-
log(g:) sponds to an allocation @f° andQ® at N; andN;’s children,
respectively. Then, we show that there existg,asuch that
the allocation?;;; + Q¢ is smaller tham?;,.. Sincel;
corresponds to the minimum such sum, the required result
follows.

Proof of Theorem 1

PROOFE (Theorem 1) It is easy to see that the running
time of Algorithm 2 is determined by the complexity of
MinSumChildren and the number of times itis executed. | ot denote the cost contributed By; corresponding to

. . . 2
Itis easy to see that Line 8 is execu@T | log 3 (Crnaz ) log5(nr) the allocation ofP°. Then the input size at the children of
times and the complexity of the procediVEnSumChildren N;, denoted by:°, is ¢
(3l ]l hi .

is O(Alog}(Craz)), WhereA is the maximum degree of a

node inT. Hence,rby Equation (3), the running time of Letc;, be such thafé—‘ < ¢® < ¢y SinceP;;, corresponds

Algorithm 2 isO(log(nr)|T|A). O to a cost ofe;r, P;jo < P°. This also proves the base case,
in which N; has no children that need to be allocated.

Proof of Theorem 2 :
Now, the allocation of)° corresponds to a cost 6%, —c°,

We now present a series of Lemmas, which show that which is at mosC;;, — Cg. In other words, the sum of the
Algorithm 2 is a3+ approximation, wheré is the height  costs contributed by, (for all N,,, children ofN;) is at most

of T. Cir — % Letc? denote the cost df,,. Then, we have
Note thatout; is a linear, increasing function in the size ‘

of the input atN; (see Equation 1). This implies that for ch < Oy — G2

a given memory allocation, if the input size increases by a = B

factor x, then the cost increases by the same factor as well.

Therefore, the minimum cost for the increased input sizk wil Note that, for everyt, there exists @, such thatC,,, <

also increase bgt most the same factor. This is formally % < BCyy.. Now, 3" 3%Cy,. < B2(3, ¢2), which is at
stated in the following lemma. most32Cy, — Bei. Thus, thedC,,, s form a valid split of

Lemma 10.1 The minimum cost of any subtree T; for an costs forQ;xe.
input size of Bout,, (5 > 1) isat most 3 times the minimum Also, we haven,, = g, 8" = g3’ = %-. Sincecy <

cost for an input size of outy,,. B¢, we haven,, < (n°. Hence, by Lemma 10.2, the
memory allocation by Algorithm 2 iff, for 32C.,,, with
input ng,, is at most the memory allocation fgiC.,,, with
input size ofn®. By induction, this quantity is at most the
optimal memory allocation for a cost ¢fC,,,, and hence,
at most the optimal memory allocation fe} (which is less
thansC.y, ).

PrROOFE We show the following two things &Y, the root
of T;: (a) the cost contributed h¥; increases by at mogt
and (b) the input size to each of its children also increages b
at mosts. Inductively, it follows that the cost at each node
of T; and hence the total cost @f increases by a factor of
at mostg.

Since the size of the input t;'s children is given byut; Thus, it is easy to see that choosing ;s as the
and the cost contributed hy; is simply out;h;, it suffices ~ COStsplitforQ;y, makes));., smaller tharQ®. SinceQixis
to show thabut; changes by a factor of at mast Now, by the minimum allocation considering all possible cost split
Equation (1),0ut; is (b; + f; - out,,). The required result ~ We haveQix, < Q°. Thus, the required result follows[]

follows because? - out,, - f; + b; < B(out,, - fi +b;) for . ]
any3>1. O - oulp. -] Plouty, - fi+bi) The following lemma gives an upper bound on the actual

cost of an allocation done by Algorithm 2.

The following two lemmas are necessary for comparing the Lemma 10.4 The cost of the allocation M, chosen by
allocation given by Algorithm 2 with an optimal allocation. ~ Algorithm 2 is at most 32?C;;,, where d is the height of IV;.



PRoOF We again use induction to show this. LEt; hold, without any increase in the optimal cost. Thus, we can
andQ@;x; be the allocations given by Algorithm 2 fo¥; and always obtain an optimal solution in which (6) does not hold.
its children. And letM,,,, be the allocation chosen for  This concludes the proof.C]

T,., where N, is a child of N;. By induction, the cost of
My, is at mos32@=1C,, . This along with the fact that
>, Coy. < B2Cix — Beyr implies that the cost af);, is at
most324C;;, — 24 ey,

Now, by the definition of; ¢, the cost ofP; ;, is at most;,.
Hence, the cost af/; j is at moste;, + 324Cy, — 327 ¢y,
which is at mos3?¢C;,. O

Theorem 2 follows directly from Lemmas 10.3 and 10.4.
The extras in the approximation factor comes from the
fact that the optimal cost may not equaiC,,,;,, for any .
Hence, Algorithm 2 can end up choosing the entrylih
corresponding to &, whereCy is 8 times the optimal
cost.

Proof of Theorem 3

PROOF (Lemma 6.1) If a tuple is pushed down, then it
implies that the newly arrived tuple is not one of theuples
for which aggregation is being done at that node. Under
Uniform distribution, the probability of this event is sihgp
‘?g;b which implies the required result]

PROOF (Theorem 3) Suppose there exists an optimal
memory allocationO for which the stated property does
not hold. Then there exist two nod&5 and N, such that

0<mi <9151 and0 < mg < g252. (6)

We now show that such an assignment can be converted into
another optimal solution in which at least onenof andm.,
is an extreme value.
It is easy to show the total cost will be of this form:
So = cg — c1my — coma + c3mimea,

where thec;’'s are some non-negative constants. Intuitively,
the second and the third term arise from the cost incurred at
the subtrees aiV; and N,, respectively; while the last term

arises when one of them lies in the subtree of the other.
Let S; denote the solution cost in which the allocations

for Ny and N, arem, + x andmy — z, respectively for

somez > 0. Similarly, let S, denote the solution cost in

which the allocations foiN; and N, arem; — x andmg +

, respectively. Note that such anexists because of our

assumptions (refer to (6)). Then,

S1=co—ci1(m1+z) — ca(ma — ) + cg(m1 + z)(m2 — )
So =co —c1(m1 —z) — ca(ma + ) + ca(m1 — z)(m2 + )

Note that the averag&+52 is simply Sy — c3z2. Clearly, if
¢z isnon-zero, then the above relation implies that the awerag
of S; andS, is smaller tharby. This, inturn, implies thatone
of S; andsS; is smaller tharb, contradictingSy’s optimality.

If ¢35 is zero, then the average 8f and.S; equalsSy. In
this case, either both; andS; equalS, or one of them is
smaller thanS,. The latter again leads to a contradiction.
Sincex > 0, the former is possible only if; = ¢o; In
this case, we can easily choosesasuch that (6) does not



